, and if p ¼ 2, then W G k.
Before stating our next result, we recall some standard facts from modular representation theory. Let G be a finite group and N a normal subgroup of G such that G=N is a p-group. Suppose that U is a simple projective kN-module whose isomorphism class is stable under the conjugation action of G on N. Then the kN-module structure on U extends uniquely to a kG-module structure. The kG module U is simple, and if ðP; W Þ is a vertex-source pair of ðG; V Þ, then P is isomorphic to G=N and W is an endo-permutation kP-module.
The question of whether any W that appears in the above context is torsion in the Dade group of P has been investigated by Salminen in [10] , [11] for odd primes p. He has reduced the problem to the case where P is elementary abelian of order p 2 and where N is a central p 0 -extension of a projective special linear or unitary group, or p ¼ 3 and N is a central extension of the simple group D 4 ðqÞ.
In this paper, we prove that groups of type A do not pose a problem. Theorem 1.2. Let p be an odd prime. Let G be a finite group with a normal subgroup N such that ½G : N is elementary abelian of order p 2 . Suppose that N is a quasi-simple group, with ZðNÞ a p 0 -group and such that N=ZðNÞ is isomorphic to PSL n ðqÞ or to PSU n ðqÞ where q is a prime power not divisible by p. Suppose that U is a simple projective kN-module which is G-stable and let ðP; W Þ be a vertex-source pair for the kG-module U. Then W G W
.
Combining the above with Salminen's work thus proves that if p d 5, then for a finite group G, and a simple kG-module U with vertex-source pair ðP; W Þ such that Res G N ðUÞ is a simple projective kN-module for some normal subgroup N of p-power order, ½W is a torsion element in D k ðPÞ. We remark that this result is a special case of a long-standing conjecture on the finiteness of the number of source algebra equivalences of nilpotent blocks of finite groups, a proof of which has been recently announced by Puig.
The proof of both Theorem 1.1 and Theorem 1.2 is based on the following elementary proposition. Proposition 1.3. Suppose that G is a finite group, and M is an indecomposable kG module with vertex-source pair ðP; W Þ such that P is elementary abelian of order p 2 and W is an endo-permutation kP-module. If there exists an automorphism f : G ! G such that f M G M 4 as kG-modules, then W is self-dual and if p ¼ 2, W ¼ k.
Theorem 1.1 is an easy consequence of the above proposition, once one observes that the symmetric and classical groups have automorphisms which invert conjugacy classes. However, as will be explained in more detail later on, the proof of Theorem 1.2 is somewhat more subtle and it relies on a rather curious fact which we state below.
Notation. For our next result, G will denote either the general linear group GL n ðqÞ or the general unitary group GU n ðqÞ for some prime power q.
If G ¼ GL n ðqÞ we set e ¼ 1 and if G ¼ GU n ðqÞ, we set e ¼ À1. If G ¼ GL n ðqÞ, set N :¼ SL n ðqÞ and if G ¼ GU n ðqÞ, set N ¼ SU n ðqÞ. If q is a prime power not divisible by p such that q ¼ q 0p for some q 0 , then if G ¼ GL n ðqÞ, we let f : G ! G be the automorphism ða ij Þ 7 ! ða . Note that since N is f-stable and G=N is cyclic, any subgroup I of G containing N is f-stable, and we have a natural inclusion of groups I z hfi c G z hfi. This is not, in general, a normal inclusion. Theorem 1.4. With the notation above suppose that p is an odd prime such that p j q À e and p j n. Suppose further that q ¼ q 0p for some prime power q 0 . Let c be a block of kN with central defect group and let I ðcÞ ¼ Stab G ðcÞ. If c is stable under f, then I ðcÞ z hfi is a normal subgroup of G z hfi.
The paper is organized into six sections. In Section 2, we prove Proposition 1.3 as well as some other general results which are needed for the proofs of the main theorems. In Section 3, we prove Theorem 1.1. Section 4 contains some block-theoretic results needed for the proof of Theorem 1.2. In Section 5, we recall some facts from the representation theory of the finite general linear and unitary groups and their commutator subgroups and prove Theorem 1.4. Theorem 1.2 is proved in the final section.
A criterion for torsion
Notation. We keep the notation of the introduction. In addition, let ðK; O; kÞ be a p-modular system. Definition 2.1. Let H be a finite group and let V be a kH-module. Then V is automorphically dual if there exists an automorphism f :
Clearly, any self-dual module is automorphically dual. Our results are based on the observation that the converse holds for endo-permutation modules for elementary abelian p-groups of order p 2 .
Lemma 2.2. Let P be an elementary abelian p-group of order p 2 and let W be an indecomposable endo-permutation kP-module with vertex P. If W is automorphically dual, then W is self-dual.
Proof. Let f : P ! P be an automorphism of P such that f W G W We keep all the notation of the previous sections.
Lemma 3.1. Let G be a finite group and t : G ! G an automorphism such that tðgÞ is conjugate to g À1 for all g A G p 0 . If N is a normal subgroup of G which is t-stable, then every simple kN-module is automorphically dual.
Proof. First, let M be a simple kG-module and let f M be the Brauer character of M. Then by hypothesis, the Brauer character ft M of t M satisfies
Hence M is automorphically dual. Now let U be a simple kN-module and let M be a simple kG-module such that U is a summand of Res N M. Proof. First, note that since ZðGÞ is cyclic, it su‰ces to show that every simple kGmodule is automorphically dual. In each case above, there is an automorphism t : L ! L such that tðxÞ is conjugate to x À1 for all x A L: If L is a symmetric group, then take t to be the identity map. If L is an orthogonal group, or L is a symplectic group Sp 2n ðqÞ, where q is a power of 2, then by results of Gow ([6, Lemmas 2.1 and 2.2]) and Wonenburger [13] , every element of L is conjugate to its inverse, hence again t may be taken to be the identity map. If L ¼ Sp 2n ðqÞ where q is odd, then by [6, Lemma 2.1 (b)], every element of L is the product of two skew symplectic involutions; hence, we may take t to be conjugation by any fixed skew-symplectic involution. If L ¼ GL n ðqÞ we take t to be the transpose inverse map. Finally, if L ¼ GU n ðqÞ we let t be the map which raises every entry of every matrix to its qth power (regarding GU n ðqÞ as the fixed point subgroup of GL n ðF q Þ under the map which sends a matrix ða ij Þ to the matrix ðða q ij ÞÞ Àt ). It is easy to check that in each case G is t-stable. Now the result follows from Lemma 3.1. r Proof of Theorem 1.1. This is now immediate from Lemma 3.2 and Proposition 1.3. r 4 Some results from block theory Notation. We keep the notation of the previous sections. Let G be a finite group. By a block of kG (or of OG), we mean a primitive idempotent of the center ZðkGÞ of the group algebra kG (or of the center ZðOGÞ of the group algebra OG).
Lemma 4.1. Let H be a finite group, and let N, J be normal subgroups of H such that N c J. Suppose that H=J is a p-group and that J=N is a cyclic p 0 -group. Suppose further that b is an H-stable block of kN of defect 0. Then there is a block f of kJ which is H-stable and such that bf ¼ f . Further, if J=N is central in H=N, then any block f of kJ such that bf ¼ f is H-stable.
Proof. Let W be the unique simple kNb-module. Then W is H-stable and hence W is J-stable. Now since J=N is a cyclic p 0 -group it follows that W extends in ½J : N ways to a kJ-module and these are all the simple kJ-modules covering W . Let S be the set of isomorphism classes of these extensions. Since W is H-stable, H acts on S by conjugation. Since the normal subgroup J of H is clearly in the kernel of this action, H=J acts on S. But H=J is a p-group and jSj ¼ ½J : N is prime to p, so this action must have a fixed point. In other words, there exists a kJ-module V such that Res
Since J=N is central in H=N, we have gJ Z G g JZ, and hence g U G U for any g A H. The result now follows as above. r
In the sequel, we will use the following fact about block idempotents without comment: if N is a normal subgroup of a finite group G such that G=N is a p-group, then any block of kG is a central idempotent of kN, and consequently, if b is a block of kN which is stable under the conjugation action of G on N, then b is a block of kG. Furthermore, letting U be the unique (up to isomorphism) kGb-module and V the unique (up to isomorphism) simple kLf -module, and letting P be a defect group of kGb, we have the following assertions.
(ii) Res
(iv) The map kGb ! kLf ; a 7 ! af is an interior P-algebra isomorphism, and induces an isomorphism of interior P-algebras between a source algebra of kGb and that of kLf .
(v) There is a pair ðP; W Þ which is a vertex-source pair of the kG-module U and which is also a vertex-source pair for the kL-module V .
Proof. Since G=N is a p-group and b is a G-stable block of kN, it is clear that kGb is a nilpotent block and that P G G=N. Since J=N is a p 0 group, and f covers b, kJf is a block of defect 0. Also L=J ¼ GJ=J G G=N, and G=N is a p-group, so it follows that kLf is nilpotent with defect groups isomorphic to G=N G P. Now b ¼ Tr G P ðxÞ, for some x A ðkGÞ P . Since f A ZðkLÞ this yields
The fact that ½L : G is prime to p then gives
from which it follows that P is contained in a defect group of kLf . But P is isomorphic to the defect groups of kLf , proving (iii). Now Res G N ðUÞ is the unique (up to isomorphism) simple kNb-module, so since b is L-stable it follows that Res G N ðUÞ is J-stable. Since J=N is a cyclic p 0 -group, Res G N ðUÞ extends in precisely ½J : N ways to a kJ-module, each of which has the same dimension as U, and furthermore, these ½J : N extensions are the only simple kJ-modules whose restriction to N contain direct summands isomorphic to Res We now prove (iv). The second assertion of (iv) is an immediate consequence of the first assertion of (iv) and (iii). Thus it su‰ces to prove that the map a 7 ! af is an iso-morphism of interior P-algebras between kGb and kLf . Since f is a central idempotent of kL, the map is clearly a P-algebra homomorphism. Furthermore, since by (i), (ii) and (iii) both kLf and kGb are nilpotent, with defect groups of the same order and with simple modules of the same k-dimension, it follows that kLf and kGb have the same k-dimension; thus it su‰ces to prove that the map a 7 ! af is injective. Let a A kGb be such that af ¼ 0. Let P be the projective cover of the simple kLf -module V . Then af ¼ 0 implies that aP ¼ afP ¼ 0. But it is easy to see that Res L G ðPÞ is a projective cover of U. Thus a annihilates the unique projective kGbmodule, and hence akGb ¼ 0, that is, a ¼ 0. Thus the map a 7 ! af is injective, and this finishes the proof of (iv). Statement (v) is a consequence of (iv). r Lemma 4.3. Let G be a finite group with O p ðGÞ ¼ 1. Let N be a normal subgroup of G. If G=N is a p-group, then C G ðNÞ ¼ ZðNÞ is a p 0 -group. Consequently, the canonical homomorphism of G=N into OutðNÞ is injective.
Proof. Let P be a Sylow p-subgroup of G. Then G ¼ NP, and hence C P ðNÞ is a normal subgroup of G (as C P ðNÞ is normalized by both N and P). By hypothesis, C P ðNÞ ¼ 1. Thus C G ðNÞ is a p 0 -group and it also follows from this that C G ðNÞ c ZðNÞ. r Proof. Since G is a p extension of N and b is G-stable, b is a block of kG. Let P be a defect group of kGb. Then G ¼ NP, a semidirect product. Set P 0 :¼ g G ðPÞ and let f : G ! N z P 0 be defined by fðnxÞ ¼ ng G ðxÞ; for n A N; x A P: By Lemma 4.3, it follows that g G induces an isomorphism between P and P 0 , that f is an isomorphism and that g G ðGÞ ¼ InnðNÞP 0 , a semidirect product. Now G and G 0 both contain N. Hence, by hypothesis, there exists a A AutðNÞ such that
If p g G ðGÞ ¼ p g G 0 ðG 0 Þ, then choose a to be the identity.
Let U be the full inverse image of a P 0 in G 0 through g G 0 and let S be a Sylow psubgroup of U. By Lemma 4.3, applied to G 0 , the map g G 0 induces an isomorphism between S and a P 0 . Now
Thus G ¼ NS, a semidirect product, and the map
defined by
is an isomorphism. Let
be defined by cðnxÞ ¼ aðnÞ a x; for n A N; x A P 0 :
Then j À1 c f : G ! G 0 is an isomorphism with the required properties. r
Remarks. (i) The condition that kN has a G-stable block of defect 0 in the above may be replaced by the weaker condition that N has a complement in G.
(ii) The above proposition may be also understood more structurally as a consequence of the fact that, as ZðNÞ is an abelian p 0 -group, and as G=N (respectively G 0 =N) is a p-group, restriction from G=N (respectively G 0 =N) induces an injective map from H 2 ðG=ZðNÞ; ZðNÞÞ (respectively G 0 =N) to H 2 ðN=ZðNÞ; ZðNÞÞ, and of the fact that G=ZðNÞ and G 0 =ZðNÞ are isomorphic groups.
5 On characters and blocks of finite general linear and unitary groups and their commutator subgroups
The aim of this section is to prove Theorem 1.4. For this, we recall some facts from the Lusztig parametrization of characters of finite groups of Lie type in our special situation. We will follow [1] and [3] .
Notation. We keep the notation of the previous sections and that introduced for the statement of Theorem 1.4. In particular, G will denote either a finite general linear group or a finite unitary group. For a semisimple element s of G, we let ½s denote the G-conjugacy class of s.
5.
A The ordinary characters of G. For a semisimple element s of G, we let EðG; ½sÞ denote the rational Lusztig series corresponding to ½s. The subsets EðG; ½sÞ as ½s runs over the semisimple classes of G partition the set of ordinary irreducible characters of G; if an irreducible character w belongs to the subset EðG; ½sÞ, we will say that w has semisimple label ½s. Now let f be the automorphism of G which appears in the statement of Theorem 1.4 (so f is only defined when q is a power of p).
The above labelling of characters is compatible with the action of f in the following sense. Suppose that z A ZðsÞ. If G ¼ GL n ðqÞ, then since s is semisimple there is a diagonal matrix diagða 1 ; . . . ; a n Þ A GL n ðF q Þ such that s is conjugate to diagða 1 ; . . . ; a n Þ in GL n ðF q Þ. Thus sz is conjugate to diagðza 1 ; za 2 ; . . . ; za n Þ, where z ¼ diagðz; . . . ; zÞ and z A F Â q . Hence diagða 1 ; a 2 ; . . . ; a n Þ is conjugate to diagðza 1 ; . . . ; za n Þ. Taking determinants, one sees that z n ¼ 1. Furthermore, letting oðsÞ denote the order of s, we have that 1 ¼ ðdiagða 1 ; a 2 ; . . . ; a n ÞÞ oðsÞ is conjugate to z oðsÞ , hence z oðsÞ ¼ 1. Of course z qÀe ¼ 1. Thus ZðsÞ is a cyclic group of order dividing gcdðn; q À 1; oðsÞÞ. Arguing similarly when G ¼ GU n ðqÞ and noting that ZðGU n ðqÞÞ consists of scalar matrices of order dividing q þ 1, we obtain that ZðsÞ is a cyclic group of order dividing gcdðn; q þ 1; oðsÞÞ.
Summarizing the above discussion we get the following result.
Proposition 5.2. Let w be an ordinary irreducible character G and let ½s be the semisimple label of w. Let c be an irreducible character of N covered by w.
(i) The number of G-conjugates of c is a divisor of jZðsÞj, and I ðcÞ=N has order divisible by ðq À eÞ=jZðsÞj.
(ii) jZðsÞj is a divisor of gcdðn; q À e; oðsÞÞ.
We also get an analogous result for blocks: The block b contains an irreducible character, say w, with semisimple label ½t and c contains a character, say c, covered by w. Since I ðbÞ contains I ðcÞ, the second statement follows from Proposition 5.2 (i). Since t is a p 0 -element, the last assertion is immediate from Proposition 5.
(ii). r
In what follows we will identify GL n ðqÞ with the group of invertible linear transformations of an n-dimensional vector space over a field of q elements, and identify GU n ðqÞ with a subgroup of GL n ðq 2 Þ in the natural way. As before, we assume that p divides q À e . In addition, we assume from now on that q ¼ q 0p , and f is the automorphism of G appearing in the statement of Theorem 1.4.
Lemma 5.4. Let t be a semisimple element of GL n ðqÞ and suppose that the minimal polynomial of t over F q has an irreducible factor whose degree is distinct from the degrees of all other irreducible factors of the minimal polynomial of t. Suppose that ½fðtÞ ¼ ½tz for some z ¼ diagðh; h; . . . ; hÞ A ZðGL n ðqÞÞ. Then jZðtÞj divides q 0 À 1.
Proof. Let pðxÞ be an irreducible factor of the minimal polynomial of t with degree distinct from that of every other irreducible factor. Let l be a root of pðxÞ in F q . and let r be the order of l. We claim that there exists a positive integer v such that v is relatively prime to p and such that the order r is a factor of ðq 0v À 1Þðq À 1Þ. Indeed, by hypothesis, l Now let y ¼ diagðz; z; . . . ; zÞ A ZðtÞ, and let l be a root of pðxÞ. We claim that z ¼ l q m À1 , for some integer m. Indeed, the eigenvalues of yt are of the form za, where a is an eigenvalue of t. Hence ½t ¼ ½yt implies that lz is also an eigenvalue of t. Again, since z A F q , the minimal polynomial of lz over F q has the same degree as the minimal polynomial of l over F q , which means that lz is a root of pðxÞ, so lz ¼ l q m for some m, proving the claim. Since z qÀ1 ¼ 1, it follows from the claim that r is a divisor of
Combining this with what we showed previously, we conclude that r is a factor of gcdððq 0pm À 1Þðq À 1Þ; ðq 0v À 1Þðq À 1ÞÞ ¼ ðq 0gcdðm; vÞ À 1Þðq À 1Þ, the last equality holding because v is relatively prime to p. Since q m À 1 is divisible by q 0gcdðm; vÞ À 1, and by q À 1 and since gcdðq 0gcdðm; vÞ À 1; q À 1Þ ¼ q 0 À 1, this gives that r is a factor of ðq m À 1Þðq 0 À 1Þ. Thus It follows that ZðtÞ has order dividing q 0 À 1. r
We need an analogous result for the unitary groups.
Lemma 5.5. Let t be a semisimple element of GU n ðqÞ, and suppose that t has an eigenvalue l satisfying the following: for any eigenvalue l 0 and any element diagðz; z; . . . ; zÞ A ZðGU n ðqÞÞ such that either l Proof. Let r be the order of l. We claim that there exists a positive integer v such that v is relatively prime to p and such that the order r is a factor of ððÀq 0 Þ v À 1Þðq þ 1Þ. Indeed, by hypothesis, l Lemma 5.6. Suppose that p j q À 1 and p j n. Suppose also that SL n ðqÞ has a block c with central defect group. Let b be a block of GL n ðqÞ covering SL n ðqÞ, let ½t be the semisimple label of b, and let f ðxÞ be the characteristic polynomial of t. Then one of the following holds:
(i) f ðxÞ is irreducible and n þ c ðq À 1Þ þ ;
(ii) n þ d ðq À 1Þ þ , and f ðxÞ is a product f ðxÞ ¼ p 1 ðxÞp 2 ðxÞ, where p 1 ðxÞ and p 2 ðxÞ are irreducible polynomials such that degð f 1 ðxÞÞ 0 degð f 2 ðxÞÞ and neither degð f 1 ðxÞÞ nor degð f 2 ðxÞÞ is divisible by p.
In particular, f ðxÞ has an irreducible factor whose degree is distinct from any other irreducible factor of f ðxÞ.
Proof. Let f ðxÞ ¼ Q 1cicu p i ðxÞ m i be a prime factorization of f ðxÞ in F q ½x. Let R be a defect group of the block b of kGL n ðqÞ. Since p divides q À 1, R is conjugate to a Sylow p-subgroup of C G ðtÞ. Then R V SL n ðqÞ is a defect group of kSL n ðqÞc. But by hypothesis, the Sylow p-subgroup of ZðSL n ðqÞÞ is the (unique) defect group of kSL n ðqÞc. Since the Sylow p-subgroup of ZðSL n ðqÞÞ is a cyclic group of order d þ , where d ¼ gcdðn; q À 1Þ and since R=ðR V SL n ðqÞÞ is a cyclic group of order dividing q À 1, it follows that R is metacyclic and has p-rank at most 2. Now by the prime decomposition of f ðxÞ above, if n i is the degree of p i ðxÞ for each i then we have
Since p divides q À 1, the fact that R is metacyclic and is a Sylow p-subgroup of C GL n ðqÞ ðtÞ forces u c 2, and either m i ¼ 1 for all i, or u ¼ 1 and m 1 ¼ 2.
Suppose that u ¼ 1 and that f ðxÞ is irreducible and jRj ¼ ðq
Hence in this case, case (i) of the proposition holds.
Next, suppose that u ¼ 2, so that f ðxÞ ¼ p 1 ðxÞ p 2 ðxÞ, and R G R 1 Â R 2 where R i is a Sylow p subgroup of GL m i ðq n i À 1Þ, for i ¼ 1; 2. So we get
which implies that n þ d ðq À 1Þ þ and that n 1 and n 2 are not divisible by p. Now if n 1 ¼ n 2 , then n is a p 0 number, a contradiction. Finally, consider the case that u ¼ 1 and m 1 ¼ 2. Then f ðxÞ ¼ p 2 1 ðxÞ, and the same argument as above leads to a contradiction.
The last assertion is immediate from the description of f ðxÞ. r
Notation. For each irreducible polynomial pðxÞ A F q 2 ½x di¤erent from x, we let p À ðxÞ be the irreducible polynomial in F q 2 ½x whose roots are of the form l Àq , where l is a root of pðxÞ. We say that pðxÞ is of unitary type if pðxÞ ¼ p À ðxÞ and of nonunitary type otherwise.
Note that if t is a semisimple element of GU n ðqÞ, and if f ðxÞ is the characteristic polynomial of t over F q 2 , then for any irreducible pðxÞ A F q 2 ½x, the multiplicity of pðxÞ as a divisor of f ðxÞ is the same as that of p À ðxÞ.
Lemma 5.7. Suppose that p j q þ 1 and p j n. Suppose also that c is a block of SU n ðqÞ with central defect group. Let b be a block of GU n ðqÞ covering SU n ðqÞ, let ½t be the semisimple label of b, and let f ðxÞ be the characteristic polynomial of t over F q 2 . Then one of the following holds:
(i) f ðxÞ is irreducible, of unitary type and n þ c ðq þ In particular, t has an eigenvalue l satisfying the conditions of Proposition 5.5. 
Furthermore, if R is a defect group of the block b of GU n ðqÞ then since p divides q þ 1, R is conjugate to a Sylow p-subgroup of C G ðtÞ. On the other hand, R is metacyclic of order at most ðq þ 1Þ 2 . Now proceeding as for the general linear groups, we get that f ðxÞ satisfies one of (i)-(v). If f ðxÞ is of type (i), (ii), (iii) or (iv) take for l a root of f ðxÞ. Let l 0 be any eigenvalue of f ðxÞ and let z A F q 2 satisfy z qþ1 ¼ 1. . Note that f is an automorphism of K 0 of order p, N 0 is f-stable, and since K 0 =N 0 is cyclic, any subgroup of K 0 containing N 0 is also f-stable.
If K 0 ¼ GL n ðqÞ we set e ¼ 1 and if K 0 ¼ GU n ðqÞ, we set e ¼ À1. For an abelian group H, we will let H þ denote the Sylow p-subgroup of H and let H À denote the Hall p 0 -subgroup of H. We first prove the following result detailing the structure of G. 
Proof. We make a series of reductions. Proof. By 6.3, and since p is odd, N=ZðNÞ is not one of the groups PSL 2 ð4Þ, PSL 3 ð2Þ, PSL 3 ð4Þ, PSL 4 ð2Þ, or PSL 2 ð9Þ, PSU 4 ð2Þ, PSU 6 ð2Þ or PSU 4 ð3Þ. Hence, the exceptional part of the Schur multiplier of N=ZðNÞ is trivial (see [5, It follows from 6.3 that jK 0 =Z þ Z 0 : N 0 Z þ =Z þ Z 0 j is divisible by p and that f is defined. Let M be the unique subgroup of K 0 =Z þ Z 0 containing N 0 Z þ =Z þ Z 0 as a subgroup of index p.
6.5.
There exists an isomorphism G G M z hfi sending N to N 0 Z þ =Z þ Z 0 .
Proof. Since Z 0 contains Z þ V N 0 , the inclusion of N 0 in K 0 induces an isomorphism from N 0 =Z 0 to N 0 Z þ =Z þ Z 0 . Henceforth, we will identify N with the subgroup Notation. If N=ZðNÞ G PSL n ðqÞ, let t : GL n ðqÞ ! GL n ðqÞ be the transpose automorphism. If N=ZðNÞ G PSU n ðqÞ, let t : GU n ðqÞ ! GU n ðqÞ be the automorphism which raises every entry to its qth power.
Proof of Theorem 1.2. Suppose if possible that W is not self-dual. By Proposition 6.1, we may assume that G ¼ M z hfi, where Z 0 and M are as in the statement of Proposition 6.1. We identify N with N 0 Z þ =Z þ Z 0 as before.
Let c be the block (necessarily of defect 0) of kN containing the simple kN-module U and let c 0 be the unique block of kN 0 Z þ whose image under the canonical surjection of kN 0 Z þ onto kN is c. Let I be the inertial subgroup of c in K 0 =Z 0 Z þ and let I 0 be the the inertial subgroup of c 0 in K 0 . 
Note that J and N are normal in ðI 0 =Z þ Z 0 Þ z hfi, that ðI 0 =Z þ Z 0 Þ z hfi=J is a p-group and that J=N is isomorphic to a quotient of I 0À =ðI 0À V N 0 Z þ Þ, hence is a cyclic p 0 -group. Thus by Lemma 4.1 (applied with H ¼ ðI 0 =Z þ Z 0 Þ z hfi) there is a block f of kJ such that f ¼ bf and such that f is ðI 0 =Z þ Z 0 Þ z hfi-stable.
Further, we see that the conditions of Lemma 4.2 hold. Hence for some W 0 , ðP; W 0 Þ is a vertex-source pair for the unique simple module, say V , of kLf and ðP; W 0 Þ is also a vertex-source pair of the kG-module U. We may assume without loss that W 0 ¼ W . Note that K 0 acts by conjugation on J.
